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Taking possible CP violations into account, we discuss constraints on lepton mixing angles ob- 
tained from neutrinoless double beta decay and from neutrino oscillation for three flavour Majorana 
neutrinos. From the CHORUS oscillation experiment, combined with the data from neutrinoless 
double beta decay, we show that the large angle solution for 623 is improbable if the neutrino mass 
7713 of the third generation is a candidate for hot dark matter. 
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I. INTRODUCTION 
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It is one of the most important problems in particle 
^ ^ , physics whether neutrinos have mass or not. From re- 
I ■ cent neutrino experiments ^ ||] ||^ 0, it becomes very 
J — , probable that neutrinos have mass. However, if neutrinos 
^\ ' have mass, we must explain the reason why it would be 
■ so small relative to charged lepton masses. The seesaw 
mechanism is one of the most promising candidates for 
such an explanation. In this case, neutrinos become Ma- 
jorana particles, and three CP violating phases remain 
^ ' in the lepton mixing matrix U for the three generation 
case This contrasts with the case of Dirac Neutri- 
nos, in which only one CP-violating phase remains in U. 
Thus, for Majorana neutrinos, possible CP violations due 
to these phases in U complicates obtaining information 
' about the lepton mixing angles from the corresponding 
experiments. 

In this paper we consider neutrinos as massive Ma- 
jorana particles with three generations and shaw how 
experiments, such as neutrinoless double beta decay 
((/3/3)oi/) and neutrino oscillation, constrain lepton mix- 
ing angles and neutrino mass. In order to obtain these 
constraints we take possible CP-violating phases in U 
into account. In {(}(3)ou there are three CP-violating 
phases which contribute to possible CP violations. In 
the neutrino oscillation, on the other hand, there is only 
one such phase as in the case of Dirac neutrinos. 

In sec. II we obtain constraints from (/3/3)oiy The con- 
straint which arises from the neutrino oscillation experi- 
ment CHORUS is described in sec. HI. Combining these 
constraints, we find that the large mixing angle of 823 
becomes improbable if the third generation of neutrino 
is a candidate for hot dark matter and not degenerate. 
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II. NEUTRINOLESS DOUBLE BETA DECAY 



Let us first consider the neutrinoless double beta de- 
cay ((/3/?)oi/) which occurs only in the case of Majorana 
neutrinos. 

— FIG.l — 

The decay rate of (/3/3)oiy is, in the absence of right- 
handed coupUngs, proportional to the "averaged" mass 
defined by ^ 

3 

{m,)^\Y,U!,fn,\. (2.1) 

Here Uaj is the left-handed neutrino mixing matrix which 
combines the weak eigenstate (a — e, fi and t) to the 
mass eigenstate with mass rrij (j=l,2 and 3). Uaj takes 
the following form in the case of Majorana neutrinos, 

/ ciC3 siC3e'^ sae^t"-^) 

U = (-S1C2 ~ ciS2S3e'^)e-'^ ciC2 - siS2S3e*'* S2C3e^(''-'') | • (2.2) 

V isiS2 - ciC2S3e"f')e-'P {~ciS2 - siC2S3e"l')e~"^P~>^^ C2C3 

Here Cj — cosdj, Sj = sinOj {Oi — 9i2, 02 ~ ^3 = 
031 ). Besides (p there appear two additional CP violat- 
ing phases (3 and p for Majorana neutrinos. Hence {rrii^) 
becomes 



(m^) = Imicjcl - m2sjcle-^'^' - m3sle~^'p'\, (2.3) 
where we have introduced 

p'^^-ip-cb). (2.4) 

The CP violating phases (3' and p' complicate extracting 
the constraints on the mixing angles from {m^j). In the 
following discussion, we follow the method given in |Q] in 
order to get the constraints which arc independent on f3' 
and p' . 



From Eq.(2.3) it follows that 



(m^)^ — {miclc^ — m2sfc^cos2(3' — ■m3s\cos2p')^ 

+ {m2s\c^sin2[3' + m3S^sin2p')'^ (2-5) 

Re writi ng cos2p' and sin2p' as tanp' , we can consider 
Eq.( ^.5|) as an equation of tanp': 

a+ptan^p' + bjjtanp' A- a-p — 0. (2-6) 

Here a ±13 and bp are defined by 

a±f3 = Asin^ [3' 'm2s\c^{m\c{c^ ± TO3S3) 

+{mic\c\ - m2s\cl ± m3s1f' - {mjf (2-7) 
6/3 = Am2Tn3s\s^S^sin20 . 



So, the discriminant D for Eq.(2.6) must satisfy the fol- 
lowing inequality: 
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D = bp- Aa+f3a-f3 

= 4''{miclclf{m2slclf{f+ - sin^ (3'){stn^ P' - /_) 
>0, 

where 



f± 



So we obtain 



4mim2C^s^C3 



(2.8) 
(2.9) 



It follows from Eq.( |2.10D that 

/-<!, /+>0. 



(2.10) 



(2.11) 



Analogously, rewriting cos2(3' and sin2(3' as tan(3' , and 
considering Eq.( |2.5| ) as an equation of tanf3' , we obtain 
the inequalities: 



.9- ^ sir? p' < gj^. 



Here 



9± 



So we get 



< 1, 9+> 0. 



(2.12) 
(2.13) 
(2.14) 



Conditions (2.11) and (2.14) are consistency conditions. 
The CP violation area is given by more stringent condi- 
tions 



< /- < sin^P < /+ < 1 or < 5- < sin^p <g+<l. 

(2.15) 



Using the inequalities (2.11) and ( |2.14 ), we can describe 
the allowed region for mixing angles in the versus s§ 
plane once the neutrino masses rui and the "averaged " 
neutrino mass (m^) are known. Only an upper bound of 
O(leV) for the magnitude of (m,^) has been determined 
experimentally ||^. 

The neutrino masses may be safely ordered as mi < 
W2 < m^. So in the following discussions we will consider 
three cases: 

a) (toi/) < mi, 

b) mi < {m^) < 7712, 
and 

c) 7712 < {m^) < 



Note that the definition of (771^) in Eq.(2T) and the 
Schwartz inequality jointly imply that 



ma, 



(2.16) 



that is, (mi,) can not be larger than 7713. 

The allowed regions in the versus pla ne for cases 
(a), (b) and (c) are obtained from Eqs.(2.11) and (2.14), 
and are shown in FIG. 2. 
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— FIG.2 — 

From FIG.2, we obtain the following upper bound on s| 



< JI}1±^ (2.17) 

7713 + "72 

in each of these cases. The CP viola tion areas in the 
s\ versus S3 plane given by Eg. ( ^.15 ) are indicated by 



oblique lines in FIG.2. Case (a) has been considered 
also in Q and |^ . In 0| , the representation for the mix- 
ing matrix adopted by Cabibbo-Kobayashi-Maskawa was 
used. In only the limiting case where all the neutrino 
masses are degenerate (7771 — TO2 = 7713) was discussed. 
It should be noted that we consider the additional cases 
(b) and (c) and also that no conditions on the neutrino 
masses have been imposed so far. 

FIG.2 describes the allowed regions for neutrinoless 
double beta decay in the most general case. In the follow- 
ing discussion we restrict cases (b) and (c) as follows: (b') 
7711 <SC {rriu) < 7772 ~ 7773 and (c') 7771 ~ 7772 4; {rriv) < 
rriz- We will see how the neutrinoless double beta decay 
constrains the mixing angles 62 and ^3. 

In case (b') we obtain V^li±^ « (m^Knn ^ (12^ 

(m^)-mi ^ mi + {m^) ^ (m^) m2±{m„) ^ ]_ _|_ {m^) 

m2—mi m2+mi 7713 nis+m^ 2 2m3 

So the allowed regions depend solely on the value of . 
In FIG. 3, we depict the allowed region s\ versus s§ plane 
for = 0.16, 0.33, 0.49, 0.65, 0.82 and 0.98. 

— FIG.3 — 



In case (c') we have 
^"'"^ . Therefore, the allowed region is ~ ^""^ , < 

m3 ' ^ >J m3 ' — 

Si < 1. It is interesting that the value of S3 is completely 
determined by ^"^"^ in this case. 



III. NEUTRINO OSCILLATION 



In this section, we consider the constraints obtained 
from the neutrino oscillation experiment CHORUS | |Tc| ] 
and see how the method developed in the previous section 
can also be used to describe the allowed region in s^ 
versus s§ plane. 

The CHORUS experiment investigates Vt- os- 

cillation through the observation of the t leptons. The 
90% C.L. upper limit of the probability oi P{v^ — > Vr) is 
2.5 X 10"'^ |ll). In order to obtain the constraints from 
this experiment we consider two cases: 

(i) 7)7,3 7772 > m-1 

(ii) 7773 > 7772 ^ mi 

Firstly we consider case (i). In this case we have 
5m\i = rri^ — ml ~ i^tm^i = m\ — m\ ^ 5m\2 = w| — 777^. 
Substituting the experimental setting, E^, — 27GeV and 
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L « 0.6km, we have = 2.8 x IQ-^j^m^ eV^ Hence 



we may set sin (^-j^—^ 0. So the approximate oscil- 
lation probability is given by |12| 



Substituting the expression of Eq.( |2.2| ) into Eq.(3.1 
obtain the following equation w.r.t cos (j), 



4sin2(^L) 



26 cos ( 



/(cos (j)). 



Here 



(3.1) 

), we 

(3.2) 



a+ = -(2siS2S3ClC2)^, 

_ / 2 2 I 2 2 2\r 11. 2 1 1\ 

!_ r 1 1 l\( 1 l\ 

b = SiS2S3CiC2(Si - qS3)(C2 - S^)- 



(3.3) 



The oscillation process does not distinguish Majorana 
neutrino from Dirac neutrino and only the (j) phase oc- 
curs. 



The constraints are obtained from Eq.(3.2). a+ is neg- 
ative definite and /(±1) is positive definite. Therefore 
the condition — 1 < cos(j) < 1 implies the following in- 
equalities: 



Case a-1 : < 



4S1S2S3C1C2 



< 1 



(S1C2 - CiS2S3)2(siS2 + 016283)^ < ^^'^^ - 2'^'"'' < ^{4 + CiS^)^ 



Case a-2 : 1 < 



4S1S2S3C1C2 



(siC2 - C1S2S3) (siS2 -I- C1C2S3) < 



2 ^ ^'('^M ^ 



4sin2(^L) 



< (siC2 -I- CiS2S3)^(siS2 " C1C2S3) 



Case b-1 



/2 2\/2 22\ 
_2 < '.^2~'^2.)l^l~'^1^3J ^ Q 
— 4siS2S3ClC2 — 



/ I ^2/ \2 ^ ^ '^-r) ^ 1/ 2 I 2 2\2 
(S1C2 C1S2S3) (S1S2 - C1C2S3) < -^-2 < -(Si + C1S3) 



Case b-2 



/ 2 2^, 2 2 2\ 
(^2-C2)(^l-ClS3) 

4S1S2S3C1C2 



< -1 



\i/„ „ „ „ „ ^2 ^ -P(^A' ~^ '^t) ^ /'„ „_ „ „_„_^2,-„ „_ I „ „_„_\2 



(siC2 + CiS2S3)^(siS2 - CiC2S3)^ < 



4sin^(^L) 



< (siC2 - CiS2S3)^(siS2 + C1C2S3) 



As we have mentioned before, only an upper bound of 
P{i^ii ~^ ^t) has been deteermined experimentally. So 
the meaningful inequalities arise from the lower bounds 



of Eqs.(3.4) - (pjh. Namely 



Case a 

(S1C2 



ClS2S3)^(siS2 + ClC2S3)^ < 



4sin^(^i) 



Case b 

(S1C2 + ClS2S3)^(siS2 - < 



4sin2(^L) 



for isi~ci){si-cisi)>0 



for isi-ci)isi-cisi)<0 



(3.8) 



(3.9) 



From these inequalities ( p.8| ) and (3^), we obtain the 
allowed region in the versus S3 plane for a fixed 
value of 62- Using Sm^i ~ Sm2i = 6eV^ » <5m|2 
we show the allowed regions for 



and 



^„,s J 



'Sin Te^ 

99 = — — 

24 ' 12 ' 



< 
• • , f in FIG.4 



FIG.4 



Next we consider case (ii). Here Srri^i 



and we have 



-.)=4if/,3nc/.3pw(^). 



(3.10) 



Here, analogously to case (i), sin^ ("Is^j has been 
assu med . Substituting the expression of Eq.(p.2[) into 
Eq.( |3.10 ), we obtain 



4sin2(2.8 x 10" 



'2^-2 '-a- 



(3.11) 



Combining Eq.(3.11) with the constraints from the neu- 
trinoless double beta decay Eq.(2.17), we also obtain 



> 4sin2(2.8 x lQ-'^ml)slcl 



(3.12) 



m3 



7713 



Using the experime ntal upper bound of P{i'^j, Vr) < 
2.5 X 10"'^ and Eq.(3.11), we obtain the allowed regions 



in the versus s§ plane for the possible values of 7773 
(FIG.5). 

— FIG.5 — 



Eq.(3.12) with P{v^ 



Vt) < 2.5 X 10^'^ gives more 
interesting constraints in the versus {m,y) plane for the 
possible values of 7)7.3, which is depicted in FIG. 6. 

~ FIG.6 ~ 

It should be no ted t hat (771,^) can not be larger than 7773 as 
seen from Eq.( ^.16" ). If we input the experimental upper 
bound of (tr^) < O(leV) in FIG.6, we obtain more strin- 
gent constraints on 62- It is interesting that the allowed 
region becomes more restrictive as the experimental re- 
sults become more precise. That is, the smaller the upper 
bounds of P{iyfj. — > Vt) and (7771^) become, the more re- 
stricted the allowed region is. Especially, the large mix- 
ing angle solution of 62 becomes improbable if 7713 is a 
candidate for hot dark matter. 
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IV. CONCLUSION 



We have obtained constraints from (/?/3)oiy and the 
CHORUS neutrino osciUation experiment, taking into 
account possible CP violation phases. From {P(3)ou, 
the allowed regions on s| versus S3 plane are obtained 
for the respective cases (case(a): (m^) < mi, case(b): 
mi < {nil,) < and case(c): m2 < (m,^) < ). 
From the CHORUS neutrino oscillation experiment, we 
have obtained the allowed regions in the si versus s| 
plane for given values of 62 for case (i); Sm^i ~ (^mli = 
6eV^ :§> 5m§2- For case(ii), Sm^i ~ Srri^2 ^ '^™2ii 
have obtained the allowed regions in the versus S3 
plane and those in the (m,,) versus S2 plane for given 
values of m^. Combining the constraint from the CHO- 
RUS neutrino oscillation experiment with those obtained 
from {P(3)ou, we have found that the large mixing angle 
solution of 62 becomes improbable if the neutrino mass 
ma of the third generation is a candidate for hot dark 
matter and not degenerate. 

Recently the Super Kamiokande group announced that 
they obtained the large angle solution sin^ 2^23 > 0.8 
with (Sm23 = 10~^ ~ 10~^eV^ from the atmospheric neu- 
trino deficit [|l3| . This conclusion does not contradict our 
result since their 611123 order less than leV^. 
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FIG. 1. Feynman diagram of neutrinoless double beta 
decay. 

FIG. 2. The allowed region in the sin^0i2 versus sin^ O31 
plane obtained from neutrinoless double beta decay is given 
by the shaded areas in the cases: 

(a) (mi,) < mi 

(b) mi < (mi/) < m2 

(c) m2 < {m^) < ms 

In the allowed region, CP-violation area is specially indicated 
by the oblique lines. 

FIG. 3. Each allowed region obtained from neutrinoless 
double beta decay for the cases: 

= 0.16, 0.33, 0.49, 0.65, 0.82, 0.98 
under the assumption that mi <C (m^) < m2 ~ ms 



FIG. 4. The allowed regions (shaded regions) by the 
inequalities of Eqs.(3.8) and (3.9) under the condition that 
PcHORUs < 2.5 X 10"^, dmli ~ Smli = 6eV^ > 5ml2 with 

given 62: 

(a)e2 = 0, f {h)e2 = ^5 W (c)«2 = i^5 !f {d)e2 = f 5 f 

(e)e2 = f,f m = ^,'^ (g)^2 = f 

FIG. 5. The allowed regions (shaded regions) in the S2 
versus s| plane for the possible values of ms obtained from 
the CHORUS experiment. 

FIG. 6. The allowed regions (shaded regions) in the {rriv) 
versus si plane for the possible values of ms obtained from 
the CHORUS experiment and {Pfi)ov 
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(A,Z) (A,Z+2) 

FIG.l 
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(a) si 

1 f" 



m2 + (m^) 




m2 + mi rn2 + mi 



(b) 4 




mj - mi m2 + mi 
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